GLOBAL WELL-POSEDNESS FOR THE ^-CRITICAL HARTREE 

EQUATION ON W 1 , n > 3. 



MYEONGJU CHAE AND SOONSIK KWON 

Abstract. We consider the initial value problem for the L 2 -critical defocusing Hartree 
equation in R n , n > 3. We show that the problem is globally well posed in H s (W l ) when 
1 > s > 2 g^~P . We use the "I-method" following [9] combined with a local in time 
Morawetz estimate for the smoothed out solution 1(f) as in [7]. 



1. Introduction 

In this paper we study the initial value problem of the L 2 -critical defocusing Hartree 
equation, 

idt<f>+ \&4>= (M~ 2 * |0| 2 )0, xeR n , t>0, (| (i 

(f>(x, 0) = 4>o(x) G H s 

Here H s (M n ) denotes the usual inhomogeneous Sobolev space, (jl.ip is meaningful in dimen- 
sion n > 3, where the Hartree potential is locally integrable. The Hartree type equations 
arise in atomic and nuclear physics and is related to the mean-field theory with respect to 
wave functions describing boson systems. ([H], [27] ) 

The local well-posedness results for s > is shown by the Strichartz estimates similarly as 
polynomial type NLS. For s > (jl.ip is locally well-posed in the subcritical sense. More 
precisely, for any <pQ £ H s (M n ), the lifetime span of the solution depends on the norm of 
the initial data, ||</>o||# s - Whereas, for s = the lifetime span depends on the profile of the 
initial data as well. The classical solutions to (jl.ip enjoy the mass conservation law, 

H0(-)*)lk 2 (R») = II^o(-)IIl 2 (m™) ; 
and the energy conservation law, 

E[t]:= I |V0| 2 + (|x|- 2 * |0| 2 )|0| 2 (fx. (1.2) 

When s > 1, the energy conservation law (|1.2j) together with the subcritical local theory 
immediately yields the global well-posedness. But when < s < 1, where the energy could 
be infinite, the mass conservation law cannot imply the global well-posedness, since in the 
local theory for 1? initial data, the lifetime T = T((J)q) could go to zero for a fixed I? norm. 
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The purpose of this paper is to extend the global well-posedness result below the energy 
norm. Our main theorem is as follows: 

Theorem 1.1. Let n > 3. The initial value problem of (II. ip is globally well-posed for 
initial data (fro £ H s (R n ) when 2 g"~^ < s < 1. 

We use the /-method and the interaction Morawetz inequality, which were used in several 
literatures of the same type of results, [JJ [9j [121 El E3|- The idea of /-method, which 
introduced by Colliander et.al. [8j, is to use a smoothing operator / which regularizes a 
rough solution up to the regularity level of a conservation law by damping high frequency 
part. In our example, when (j> £ H s for s < 1, E(<f>) may not be finite, but for a smoothed 
function Icf), E(I<f>) is finite. Here, one doesn't expect that E(I(p) is conserved, since 1(f) is 
not a solution to (|1.1|) . But if / operator is close to the identity operator in some sense, 
I<p is close to a solution and E(I(p) is almost conserved. In fact, we control the growth of 
E(I(f))(t) in time. 

In addition to /-method, we use the interaction Morawetz inequality. Colliander et 
al. introduced in [9] a new Morawetz interaction potential for the nonlinear Schrodinger 
equation in three dimension. 

M[<f>(t)]:= f |0(x,t)| 2 ( / Tm$(y,t)V<t>(y,t)].l^dy). (1.3) 

7r« Wr" \y-x\ J 

This is a generalization of the classical Morawetz potential, which has been studied in many 
literatures especially regarding on the dispersive property of the Schrodinger equations 
[H CE1 122] - The above functional fjl .31) generates a new space-time L\ x estimate for the 
nonlinear Schrodinger equation with the relatively general defocusing power nonlinearity. 
Incorporating this with the almost conservation law, they proved the scattering of the 
equation and relaxed the low regularity assumption given in the previous work [8]. 
In [5] the authors showed the almost conservation law and Morawetz interaction potential 
approach worked as well with the Hartree equation in dimension 3. More precisely, when 
the defocusing Hartree nonlinearity is mass supercritical and energy subcritical case, which 
is (|:e|~ 7 * |</>| 2 )</>, 2 < 7 < 3, the equation is globally well posed in H S (R 3 ), 1 > s > 
max(^, 3Z4 ) and has scattering as well. In the H 1 ^ 3 ) case, the same result was shown 
in [18] and later the scattering part was simplified in |26j. 

The interaction Morawetz inequality is extended to other dimensions [29. 1121 17]. But in 
the mass critical case, where the admissible norm is critical, the space-time norm grows in 
time. We follow the similar way to [7j[T2]. Due to local in time Morawetz inequality we are 
able to control 

n-2 1 "~ 2 

U\\ 4^ 2(n-D <T^||</>0||I 2 |Hr 1 X (1.4) 

L t n L x n ~' z ([0,T]xR") x Lf H% ([0,T]xJ&") 

for an admissible pair ( 4 ^ n 1 , 2 ^_ 2 ^ ). The same machinery in [12] with the above inequality 
(|1.4p would yield the result that the global well-posedness of (jl.ip holds when 1 > s > 
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max (jj, 2 <to-4 j- Since we allow the admissible space-time norm grows in time, we do 

not know whether scattering holds true. Note that the number 2 ^_^ is lower than ^ in 
dimension 3. The restriction s > ^ is inevitable if relying on the inequality (jl.4p . In order 
to remove this restriction, we use the the inequality (|1.4jl for the smoothed out solution 
I (p. This idea was first introduced in [13] . They showed it still holds true with negligible 
error. In our case we have (For detail see Lemma l4.2p 



1 n—2 2n-6 



\M\ <r^y(||0 o |l2 2 - 1 ||^ir- 1 i + WV n ~ 3 1 ) 

L t n L7^~ ([0,T]xK«) x L™H£([0,T]xM. n ) LfH^{[0,T\xW n ) 

n — 2 

+ r 3 ^ 1 ! Error. 

Since left is in ff 1 (in particular in Hz), s may go below \. We show that on the time 
interval where the local well-posedness the error therm is very small. At the time we prepare 
this paper we are informed that Miao et. al. |25] use the same idea to remove the restriction 
s > A in the result of ij 2-subcritical Hartree equation as an improvement of [5]. On the 
other hand, Miao et. al. [231 121] studied the focusing or defocusing L 2 critical Hartree 
equations as well. They established the global well-posedness and scattering for L 2 radial 
initial data and the blow up criterion to the focusing L 2 critical Hartree equation in M 3 . 

Before we close the introduction, we would like to add some remark on the L 2 -critical 
focusing case, 

id t <j) + |A0 = -{\x\- 2 * \(j)\ 2 )(j), x G W 1 , t > 0, ( | r 

(f>(x,Q) = Mx) G H s (R n ). 

Note that the local well-posedness proof in Section 2 equally works for the focusing case. 
The equation is known to have a ground state solution Q, which solves 

AQ-Q = -(\x\- 2 *\Q\ 2 )Q. 

The existence of Q is proven in [21] with the decisive property of being the sharp constant 
of the Gagliardo-Nirenberg inequality such as 

(\x\- 2 * \u\ 2 )\u\ 2 (x)dx < -2—\\ u \\ 2 L2 \\Vu\\ 2 L2 . 

WQWl 2 



The uniqueness is open except n = 4, which was settled in [20J adapting E. Lieb's uniqueness 
proof in [21] . 

The paper is organized as follows. In Section [21 we review the local well-posedness 
theorem using the Strichartz estimate. In Section [3] we give the definition of / operator, 
show the modified local well-posedness of Icj>, and obtain the upper bound of time increment 
of the modified energy. In Section [4] we recall the almost interaction Morawetz inequality for 
I<p and show the error bound. In Section [5] we conclude the proof of global well-posedness 
in Theoremll.il 
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Notations. Given A, B, we write A < B to mean that for some universal constant K > 2, 
A < K ■ B. We write A ~ B when both A < B and 5 < A. The notation ,4 < B denotes 
i3 > 3 • A. We write (A) = (1 + A 2 )z, and (V) for the operator with Fourier multiplier 
(1 + |£| 2 )^. The symbol V denote the spatial gradient. We will often use the notation 
\+ = \ + e for some universal < £ < 1. Similarly, we write \— = \ — e. We use the 
function space B\U X and H s,p given norms by 




F\\LlLr(Rn + 1) = / / \F( X ,t)\ r dx dt 



\\u\\h^p(W) = + |C| 2 ) 2 -Fit] \\LP(R n ) ; 

where J- is a fourier transform, 1 < p,q,r < oo. 

Acknowledgements. M.C. is supported by KRF-2007-C00020. S.K. thanks Terry Tao for 
helpful conversations. 

2. The local well-posedness 

We refer (q, r) the admissible pair when 2 < q < oo, 2 < r < and 

2 n n 
q r 2 

and state the Strichartz inequality in dimension n. 

Proposition 2.1. Suppose that (q,r), (A, 77) are any two admissible pairs. Suppose that 
u(x, t) is a solution of the problem 

id t u(x,t) + Au(x,t) =F(x,t), (x, t) G M n x [0, T], (2.6) 

for a data u(0) G H s , F G H s x ' v ' ([0, T] x M n )([0,T] x R n ) where X' and 7/ are the Hdlder 
conjugates of X and r], respectively. Then u belongs to L g t Hx' r ([0, T] xW n )r\C t Hp T ([0, T]xl 3 ) 
and we have the estimate 

IMIl^>'-([0,T]xR") ~ K°)IIh*(r») + \\ F \\ L ^H^'([0,T]x^y 

For the pure power nonlinearity A|"u| a u, the local well-posedness of idtu + ^Au = A|it| a it 
with the rough data u(0) G H s , < s < 1 was proven in [2] (See also [3 128]). 
We define the Strichartz norm of functions </> : [0, T] x M ra — > C by 



\\9\\S° = SU P \\<P\\L q t Lr(lO,T]xR"-)- 

(q,r) admissible 

In particular Sj> C CjL^([0, T] x W 1 ). Then the Strihartz estimates may be written as 

IHIso <||0|| L2 + ||(^ + A)0|| LfLE , {[O)T]xRn) , 

where (q',r ! ) is the conjugate of an admissible pair (<?, r). 
The local existence theorem of (jl.ip is as follows. 
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Theorem 2.1. For a given (f>Q G H s (M n ), < s, there exists a positive time T = T(||</>o||# s ) 
and the unique solution of hl.l\) . in <j> G CtH%.{[0,T] x R n ) n for every admissible pair 
(q,r), where 

U\\S° T = SUP ||(V) S 0|| L 9 L r ( [ Oi T]xR™)- 

(q,r) admissible 

Proof. Let S L (t) be the flow map e corresponding to the the linear Schrodinger equation. 
Then the Duhamel formulation of (jl.ip is 

0(f) = 5 L (t)(/> - i / <S L (i - t)\x\' 2 * |0| 2 (A(r)dr. 

We will show that the map A : 4> — ► S L (t)cp - i j^S L (t - r)[(|x|" 2 * \<j)\ 2 )(j)} (r)dr is a 
contraction mapping on the ball ||<^||s s < 2M when T is chosen later and H^oIIj? 8 < M. 

Let us show A is well defined on X. Applying the linear and the dual Strichartz estimates, 
we have 

wmh < \\mb> + iikr 2 * \^U\\ LrH w i[0jT]XRn) (2.7) 

for any admissible (A, 77). We recall the Leibnitz rule for fractional Sobolev spaces [6] [30]: 
For s > 0, 1 < p < 00, 

\\fg\\H^p < \\f\\m \\g\\H^2 + \\f\\isi \\g\\H^2 

provided ± = ± + ± = ± + ±, with q 2 ,r 2 G (1, 00) and g^n G (l,oo]. 

Let us choose (A', rf) = (3x7, w ^" +1 )- The fractional Leibnitz rule, Hardy-Sobolev in- 
equality and Holder's inequality lead to 

\\(\X\- 2 * |0| 2 )0|l fl , - < |||X|- 2 * |<^W|M| r _^ T + |||X|- 2 * |0| 2 || » ll^l 2^ 

<llu|2 V^w^ + 11*11^11*11^^ 



< 2 ii^ii2 



2n ffl - 2n 
j >-s-l llr "if s ' n+s-1 



(2i 



By the Sobolev embedding we have 



Combining this with (|2.T|) we find 



ll^lk<||0o|k'+( / H0|| 3+ ; 2n * 

/q ' n + s-l 



±12 \ 4 



< ||0o||^+T s ||^|| 3 ^ 

< ||0ok-+r 
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The local well-posedness time T is chosen as T < 1 1 (pQ \ \ H l- Similarly, one can show that A 
is a contraction. And uniqueness assertion and continuous dependence on data follow in 
the same manner. □ 

3. Almost conservation law of the modified energy 

In this section, we define the smoothing operator In, which sends an H s function to an 
H l function. We find a bound of the growth of E{I^(f)){i) in time. 

The operator In is defined as in [9]. Let N 3> 1 be a parameter to be chosen later. Define 

W(0 = m(Om), (3-9) 
where the multiplier m(£) is smooth, radially symmetric, nonincreasing in |£| and satisfies 

1 \£\<N 
m(0 = < /„\^ . , (3-10) 



We note that m(£) satisfies the Hormander multiplier condition. As intended, the definition 
of m(£) gives the following relations between ||/jv</>||#i and ||</>||iTs for < s < 1; 

\\I N ^\\HHUn) ~ Yl (l + 2 fc )||^llLW+ E A rl " S (l + 2 fc r||P^||L 2 (IR") 
k<logN k>\ogN 

< N^UWhs^ (3.11) 
llfc(li-)< E (1 + 2^1^/011^)+ E (l + 2 fc )^ 1 |l^llL 2 (R") 

fe<logiV k>\ogN 

< \\ I n4>\\h 1 (R"), 

where P^fj) is defined by Pfc0(£) = <p(£,/2 k )(f>(£) for a nonnegative smooth function ip with 
supp = i^- 1 < HI < 2} and Efcezy(2 -/c = + What it follows we write I for I N 
suppressing N. 

Let us define the iteration space Zj(t) as 

Zj(t) = SUP ||(V)I0|| L « L r ( [O it]xK 3 ); 

(q,r) admissible 

3.1. Modified local theory. First of all, we prove a local well-posedness result for the 
modofied solution I(p. This theorem is essentially similar to the local well-posedness proof 
at the critical regularity in [2 J . But here we assume critical Strichartz norm of left is small, 
instead of 4>. Similar proofs are found in [7] , [T3] . 

Lemma 3.1. For given initial data 4>q G H s (M. n ) for < s, there are time T* > and a 
universal constant 5 > satisfying the following: 

(1) The solution 4>(x,t) to (JUTJ) exists on [0,T*] x M™, 
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(2) // 



ll^ll 4(n-l) 2(n-l) < 5, 

then 



L t 71 L/ -2 ([0,T*]xR") 



Zi{T*) < \\(V)I<h\\w)- 

Proof. 

The first part is from the local well-posedness theorem, Theorem 12.11 The second part is 
also done by the Strichartz estimate (|2.ip in the Duhamel formula with (V)/ operator: 



(V)Icf>(x,t) = S h (t)(V)I<t>o-i / S h (t-r)(V)I(\x\-U\^cf>(T))dT. 

Jo 

For all < t < T*, we have 

Zl(t) < \\I<Po\\m + ll(V}/((|*r 2 * \<t>\ 2 )<t>)\\ L y' L P' (3-12) 



where (7, p) is admissible. In the previous step we have used Leibniz's rule for (V)/. Note 
that in the high frequency (|£| > N), I is a negative derivative, but (V)/ is a positive 
fractional derivative. A simple modification of the proof of the fractional Leibniz rule works 
for it. Let us choose (7, p) = (4, djzi)- In fact we can use any admissible pair satisfying 
7 > 2 ^n-2^ • ^ e ^ rs ^ estimate ||(|a;|~ 2 * |0| 2 )VI0|| 4 2« . By using Holder's, fractional 
Sobolev's inequalities, we obtain 

"'\X\- 2 * |0| 2 )(V)/0||_4 < |||xr 2 * |0| 2 || L « L n||(V}/<A|| L p L? 



< W\%i , a „ II <V)I0|U x? (3.13) 



where 



3 1 1 2n 1 1 12 1 
7 = - + -, — - = - + -, 1 + - = - + - 

4 gi (72 n + 1 ri r2 ri n p 



and ((?2)^2) is admissible. Due to scaling argument, (2ft, 2p) is expected to be admissible. 
Let (2ft, 2p) = (^,%#), then (ft,r 2 ) = (i^, *§z&). 
In a similar way, the other term is also estimated as follows: 

||(|x|- 2 * (V)/|0| 2 )0|| L y L/ < U\\ 2 ^ ^ Z, (3.14) 

* x T n T ri — 2 

Now we estimate ||0|| 2 4(n _ 1) 2(»-i) • We decompose <fi into its frequency localized pieces, 

r n r — 2 

= P<n4> + Y^jLi-^Nj^-, where iVj = 2 fc -? and and fc^'s are consecutive integers starting 
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from [log N] indexed by j = 1, 2, 3 • • • . By triangle inequality we get 



4(n-l) 2(n-l) <||P<iV</»|| 4(n-l) 2(n-l) + >, ||-PjVj<ftll 4(n-l) 2(n-l) 
j n J n — 2 T n j n — 2 j n j n — 2 



oo 

D <n4>\\ 4(n-l) 2(n-l) + } j 
j n j n-2 ■ 



I Pi 



4(n-l) 2(n-l) W^Nj 



I 4( n -l) 2(n-l) 



(3.15) 



From the definition of I operator we have the followings: 




Putting these together into (|3.15p . we obtain 



H^ll 4(n-l) 2(n-l) 

< \\P<N<f>\\ 4(n-l) 2(n-l) + 
T n T n — 2 r n r — ^ 

OO 

1 L n r n ~2 T n T 



Ignoring iV s 1 < 1 and using the fact that ||-Pjv/||lp ^5 II/IIlpj one can sum U P over i> if 
s > e. Thus, we have 



HVll 4(n-l) 2(n-l) < ||-P<7V0|| 4(n-l) 2(n-l) + II^IT 4(n-l) 2(n-l) 2(n-l) ' 

Hence, from (|3.12p we conclude 

Zj^wiMm+ZiWm 2 ^ 2(n -i, + zt 2e \\i<P\\ € ^ 2jn-». 

T n j n — 2 j n j n — 2 

Choosing sufficiently small 5 and T* , we conclude the proof. □ 

3.2. Almost conservation law. We show the almost conservation law of the modified 
energy. 
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The usual energy (jl,2p is shown to be conserved by differentiating in time 

= / 2Re5*(2(|a-|- 2 * |<#.| 2 )* - A0- 2d t 4>) + (|a=r 2 * 9iM' 2 )l#| 2 - (M -2 » \4>?)d,\4>\ 2 ix 
[\x\- 2 * d t \<P\ 2 )\<P\ 2 - (\x\- 2 * |0| 2 )c^| 2 dx 



=0, 

using the equation Since left is not a solution to the equation (JTTTJ) , E(I(ft)(t) is not 

conserved. But still we have a control of the time increment of the modified energy E(I(f>)(t). 
Differentiating E(I(ft)(t) in time, we obtain 



d_ 
dt 

Then we have 



E(I<ft)(t) = [ 2Red t I0 [2(/(|x|- 2 * \4>\ 2 )(f>) - Alcft - 2id t I(ft] dx. 



E{Icj){T)) - E(I(ft(0)) = 4Re f [ d t I(f> [(\x\- 2 * \I(ft\ 2 )I(ft - I((\x\- 2 * \4>\ 2 )4>)] dxdt 

Jo Jm n 

:= E T (t) (3.16) 

The following proposition shows that E(I<ft) is an almost conserved quantity. 

Proposition 3.1. Assume we have s > 0, W > 1, ^ 6 Cg°(R n ), and a solution of (jl.ip 
on a time interval [0, T] for which 

\\I<P\\ 4(n-l) 2(n-l) < 5. 

L t n L x ™~ 2 ([0,T]xR n ) 

Assume in addition that ||(V)/(/>oj| < 1. Then we conclude that for all t € [0, T], 

E(Icj ) )(t)=E(I0 o ) + O(N- 1+ ). 



Proof of Proposition \3.1[ 

We compute in the frequency space. Applying the Parseval formula to Ep in (|3.16j) . we 
obtain 

Br = Re/7 (l "'« 2+& + & 



16 + &r (n ~ 2) /JceS dei d& (3.17) 
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Now if we use equation (jl.ip to substitute for dtl(j) in (|3.17p . then it is split into two terms 
as follows: 

''''' ' ' ™(6 + 6 + 6) 



E h 



^E]=ife=o 



1 



m(6)?™(6)?™(6) 



16 + 61 



-(n-2) 



x A/</>(6) 10(6) /<K6) ^>(6) #1 <% 2 d& d& tft 
'' 7 m(6 + 6 + 6) 



0=o 



1 



m(6)m(6)™(6) 



16 + 6 



-(n-2) 



x (j(|x|-2 * H 2 </>))(6) M6) /<M6) #1 #2 #3 ^6 dt 



In both cases, we break down cf> into Littlewood-Paley pieces 0,-, each localized in 2 k 



in frequency, ~ 2^ = JVj, fcj = 0,1,2, 
estimate for a class of multiplier operators. 



and then use a version of Coifman-Meyer 



Proposition 3.2 (Proposition 6.1 in [5]). Xei <r(£) 6e infinitely differentiable so that for all 
a G A^ nfc and a/Z £ = (6> • • • > 6) € M nfc . T/ien i/iere is a constant c(a) with 

|^a(OI<c(a)(l + |C|)-W. (3.18) 

Lei £/ie multi-linear operator A 6e given 

[A(/i, • • • , /*)](*) = / e ^+-+^V(6, • • • , 6) 16 + 6r (n - 2) A (6) / 2 (6) ■ ■ ■ A(6) #1 ■ ■ ■ 

JR" fc 

/or k > 2. Then we have 

||A(/i,...,/ fc )[| L P<||/ 1 ||LPi||/ 2 ||i«---||/ fc [|LP* 

w/iere (p,pi) is re/ated &?/ | + 1 = | + £ i=1 ^. 

We first estimate a pointwise bound on the symbol 

m(6 + 6 + 6) 



1 



<B(N 2 ,N 3 ,N A ) 



ra(6)ra(6) m (6) 

Factoring B(N\, N 2 , N3) out of the integral in Er, it leaves a symbol 01, which satisfies the 
condition of Proposition 13.21 as the following: 

V B(N 2 ,N 3 ,N±) [ T [ [A(AJ0i,J0 2) J0 3 )K6)^(6)d6^ 
^,iV 2 ,JV3,iV4 ^ ■ /RB 



v_ IV. Af. JO JM" 



where 
[A(/, fl ,/i)](x) 



3 kg(£l+&+&), 



- Nl {\x\~ 2 * \<!>\ 2 4>),i<i>2,i<i>MU)i<t>A{U)<%idt 



3 Vi(6, 6, 6) 16 + 6r (n_2) 7(6) 5(6) #1 #2 d& 
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and 



We shall show that 



m(6) 



m(6) 



™(6M6M6 + 6 + 6) / ™(6M6M6 + 6 + 6) 



£? + £? 6 < JV- 1+ (Zj(T)) 



for some P > 0. 

For this aim, we claim that 



E 



T 



Ni,N 2 ,N 3 ,N4, 



B(N 2 , N 3 , N 4 ) [ A(AI<h, I fa, ] (x, t) Ifa{x, *) dx dt 



(3.19) 



+ J] [ T [ n B(N 2 ,N 3 ,N 4 )[A(IP Nl{ 

at, «"» «"„ ■'0 ^K n 



\x\ 2 * \4>\ 2 (j)),Ifa,I(j) 3 )] (x,t) Ifa(x,t) dxdt 



Ni,N 3 ,Na,N4 



(3.20) 



< N- 1+ (ZAT) 4 + Zj(Tf). 
From Proposition 13.21 we have 

\\A{f,g,h)\\ LP < II/Hlpi ||o||iP 2 \\h\\u>3 
where ± = ^- l + i + J- + J-. 

P n pi P2 ps 

For the first term E a , we use (I3,2ip and Holder inequality to get 



(3.21) 



B(N 2 , N 3 , iV 4 ) [A(Alfa, I fa, I fa)] (x, t)Ifa{x, t)dxdt 



(3.22) 



1 1 AI( t>l 1 1 Lf Li 1 1 1 J ^2 1 1 L p x 2 1 1 1( t>3 1 1 L f Liz 1 1 ^</>4 1| £«4 L ?4 



where + | " 1 = = Choosing i = ^ = ±, and using Bernstein 



inequlity, we obtain 



We reduce to show 



mi<B(N 2 ,N 3 ,N,)^^( Zl (T)f. 



V B(N 2 ,N 3 ,N Aj 

iVi ,N 2 ,N 3 ,N 4 



(3.23) 



By symmetry we may assume > A3 > A4. Then it suffices to consider the following 
three cases. 

Case 1: TV S> A^- We have m(£j) = 1 since E)*6 = 0- So, the symbol 



1 



m(6) 



m(6)m(6)m(6) 



0. 
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Case 2: N 2 > N > iV 3 > N 4 . Since = 0, we have N x ~ iV 2 . By the mean value 

theorem, 



1 



m(£i 



- ^(6 + 6 + £4) 



m(£ 2 ) 

< |Vm(6)- (& + &)! < iv 3 



Thus, 



(Z/(T)) 4 



iV 2 



< 



Ar _1+£ iV 2 - £ (Z/(r)) 4 



Summing up with A4, A^, N2, we have (|3.23p . 

Case 3: iV 2 > A3 > N. In this case we need to consider two subcases N\ ~ A2 and 
A2 S> A 7 ! since by ^ C« = the case JVi S> N 2 cannot happen. 
For the first case, N\ ~ N 2 , we estimate 



1 



m(£i) 



A 7 ! 



< 



m(6M6)m(&) N2N3N4 ~ N 3 mfa)N 4 mfa) 
1 iV a 1 1 



iV 3 (^) 1 - s A r 4m(e 4 ) N§ NNtmfa 



< n- 1+€ n.; 



since xm(x) > 1 for x > 1. We can sum up N4, N3 directly. But when summing up A r 2 , we 
use the Cauchy- Schwartz inequality with fa = P^I^ as follows: 

£ • < ( ^(PtvV/^) 2 ) • 

AT JV 

In the second case, A r 2 ^> Ni, again by ^ £j = 0, we have A r 2 ~ A^. 



1 



m(6 + 6 + £4) 



< 



771 (Cl 



Ai 



m(ft)m(ft)m(C4) AW3N4 ~ m(6) 2 ™(£4) N 2 N 3 N 4 

1 A 72 * 1 



N 2 N$ s N 4 m{U) 
For our purpose, we want to show 

(^) iVim(6)<iV. 
If ATi < A 7 , then m(£i) = 1 and this is true. If A 7 ! > A 7 , then 



AT \ 2s 



A r 



l+s 



(NNi) 



< N. 



» 2 . 

This conclude the proof of (|3.19p . Now we turn to the estimate of Ef,. The above analysis 
is applied to Ef,, once we show the following lemma. 
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Lemma 3.2. 



\PmI{[\x\ 



< 



L + L x 



(3.24) 



Proof. We divide <j) into 



4>io + (Phi where 

sup P 4(e,t)C{|e|<2} 
supp£ M (£,t) C > 1} 
In the case that all 0's are 4>i Q we simply estimate 



^mU[(|x| 



* PloPlo Plo -In 
' t4 t n — 1 



\x\ 2 * <pl (f>lo)<j>lo\\ 3 



< 



HoW 6n_ 
r 12 j 'An — b 



L+ L x 



< 



< 



ll(V)/0/o| 

M(Z 7 (T)) 2 



■ 12 r 3n-l 



When all </>'s are <f>hi, we use Bernstein inequality, Sobolev embedding and the Leibniz rule 
as following: 

,, 1 



M 



Pm{I[(\x\ 2 * (t>hi<t>hi)(t>hi})\\ 



< \\V- l P M (l\(\x\- 2 



* <phi<phi)<phi\)\\ 4 

L+ L T _ 



< 



< 



\\(V)^I[(\x\- 2 * cf> h ^ hi )cf> hi \ 

n q 

||(V)3n-4/^||^ 12LP 



I 3n^+n-4 
r 4 r (3n-4)2n 



2 3n 2 + 1 - 4 

h 1 + 7 : 

n (3n — 4)2n 

< ikv) 1 /^! 13 



where — 
P 



T 12 r an-1 



< 



(Z 7 (T)) ; 



where we used — 



1 > 1 | 3n-l 



n 3n— 4 — p 6n 

The remaining Zo — /ii cases are controlled in a similar manner to the hi — hi case. We omit 
the detail here. □ 



Hence, we have shown (|3,19p . (|3,20p and so conclude the proof. 



□ 



4. Almost interaction Morawetz estimate in M n , n > 3 

In this section, we show the almost interaction Morawetz inequality. Let us start by 
recalling the higher dimensional interaction Morawetz inequality for a general nonlinearity. 
The interaction Morawetz inequality was developed in [9j in R 3 and this higher dimensional 
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extension was derived in [29] . We first recall higher dimensional interaction Morawetz 
inequality for a general nonlinearity. 

Lemma 4.1 (|29j. Proposition 5.5). Let <fi solve 

1 



id t cj) + -A(j> = M 




on I x M. n . Assume that Im{N<t>) = 0. 
Then, we have 

^{r^-^Mx^^lHy^^dxdydt (4.25) 

i xi" \y ~ x \ 

+ 2 f ft \ ( p( X: t)\ 2 f^--{M,cl ) }(y,t)dxdydt 
JlJjR n xR n \y — x \ 

where {f,g} = Re(fVg-gVj). 

First, we apply (|4.25p to the solution to (jl.ip . where M = (\x\~ 2 * |</>| 2 )</>. A computation 
shows that the second term is positive. 

the second term of (l4T^SD = -2 1 \4>(x,t)\ 2 p - - '-. ■ V v1 — — nd^C*) *)| 2 |0(2/, i)| 2 <&cch/dz 

7 |S/ — ^| 

= 4 / |^,t)| 2 |^(y,t)| 2 |^,t)| 2 r^^dxdydz 
J \y-x\ \y - z| 4 

= 2 / |^ )t )|2|0( yjt )|2|^ )< )p(JL^_£z±). ^^^^2 

J \y — x\ \z — x\ \y — z\° 

> 

By the same analysis as in [29], we obtain several estimates of space-time L^L^-norms. 

Proposition 4.1. Let <j>(t,x) be a classical solution to Then we have 

when n = 3, 

i i 



L^(R^)<\\M\h m \m)\\ 2 i (4.26) 



w/ien n > 4, 



71 — 3 



1 1 



HV|- — mT]xm <\\M\hH(t)f 2 .i (4-27) 

t,x Hx ([0,T] xR") 

1 re-2 

„ 11? M < ll^oll^ll^ir- 1 ! (4.28) 

n-2 I "~ 2 

4 ( n-i) »(n-i) ^T^-Dll^olH^ir- 1 ! • (4.29) 
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Proof. A detailed proof is found in [29], Section 5. Here we give a sketch. 

In dimension n = 3, we have formally — AtK = 4ir5, and then (14.261) follows. 

PI 

In higher dimension, n > 4, we obtain — Ay^ = t5t- A convolution with -^p is essentially 
to take the fractional derivative |V| _ ( ra_3 ). Hence we obtain from (|4,25p 



|V- n "H 2 || LL([0 ,T]xR") < H^III|(^)ll^llI r ^| ([0iT]xRn) - 



l l 



From Lemma 5.6 in [29] 



n — 3 



1 1 



llivr * ^llLf,.(|p,rixR-) S II^IIIl(«»)H^II ?0 ^( [ o ) T]x R »)- (430) 
Interpolation between (|4.30p and the trivial estimate 

ll|vMu rL 2 ^ 

and using the Holder's inequality in time we have 



n-2 1 "~ 2 

4(n-l) 2(»-D <r^-l)||0o|II 2 ||«/'ir- 1 1 • (4.31) 

i t n ([0,T]xK™) 1 L°°ij-5([o,T]xlR«) 

□ 

For the initial data below H?, the above estimate is not useful since iJfa-norm of the 
solution may not be finite. To overcome this difficulty, we use the interaction Morawetz 
inequality into the smoothed solution 1(f). Write the /-Hartree equation as the following: 

Ufa + ~AI(j> 

= (\x\- 2 * I<fi4>)i4> + [i{{\x\~ 2 * (j4)4>) - (|xp 2 * i(f>icj))i<f\ 

Then using (|4,25p we obtain 

A(-j — - — r)\I(f)(x,t)\ 2 \I<p(y,t)\ 2 dxdydt 

"xi" \y ~ x \ 

+ 2 / // \I<j)(x, t)\ 2 ^—L ■ {N good ,I<P}(y,t)dxdydt 
J I J JR n xR n \y ~ x \ 

+ 2 [ [[ \Icl>{xMT^-{^m{y,t)dxdydt (4.32) 
i;iii™xi™ \y ~ x \ 

+ / // \lm(M bad U(t,y))V{I^{t,x))I(f>(t,x)\dxdydt 
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By the same computation as above, one can see the second term of (|4.32[) is positive. We 
wish the third term involving N bad to be small. Similarly to (|4.3ip we have 

H-f^ll 4(n-l) 2(n-l) 

;[0,T]xR") 

(4.33) 



L t n L x "^ 2 ~ ([0,T]xR") 



n — 2 



1 n-2 2n-6 



<T«^) I 11/0112^ || J^ir 1 , +||/0|| 2n - 3 i + Error , 
where Error is defined in the lemma below. 

Lemma 4.2. On a time interval J where the local well-posedness in Theorem \2.1\ holds 
true, we have that 

Error = f [[ \Icf>(x, t)\ 2 ^—^- ■ {M bad , I<f>}(y, t)dxdydt (4.34) 



'jjirxi" \y — x \ 

+ 111 \Im(M bad mt,y))V{I^{t,x))I(f>(t,x)\dxdydt 



i J 



n vTB>™ 



In particular, if we assume ||(V)/0o||i2 < 1 and \\I(f)\\ 4( n -i) g(n-i) < 5, then 

Error < 



L t " L x n ~ 2 (JxR™) 



Proof. We rewrite the error term via J\f bad = I{(\ x \~ 2 * 4 > 4 > ) ( t ) ) ~ i\ x \~ 2 * I(j>I<t>)I<t>- 
Error = f [[ \I(f>(x, t)\ 2 ^^- ■ (N bad VI0 - /0VA/^) {y, t)dxdydt 

J J J JR n xR n \U ~ x \ 



+ / // |Im (Ar bad I(t)(t,y))V(I(j>(t,x))I<f>(t,x)\dxdydt 




'j 



< / / \M bad \ ■ \VI<f>\dydt\\I<f>f LCfL2 + / / \VM bad \ ■ \I<t>\dydt\\I<t>\\ 2 LaoL2 

J J JR n JX JJ JR« J x 

+ \Wbad\\^L x \\inl T L x \\^)^\\L T L x 

< || (V)M bad \\ LljL , || (V)Icf>\\ LfL 2 \\I<f>f LfL 2 

< ||(V) [/((|y|- 2 * #)0) - (\y\- 2 * 1010)10] || L i L 2(Z 7 (J)) 3 
We reduce to show 

||(V) [/((|xr 2 * H>)<t>) - (|x|- 2 * W)I0] \\ L i L 2 < ^(Z,(J)) 3 . (4.35) 
By Plancerel theorem in space, we have 

T v[/((|x|- 2 * #)0) - {\x\- 2 * Icf>i0)i4>] (-6) 
= \ k\\ 1 c \ <t\ <t\ — i^i&jin&jinU) 6 + 6 1 'd&d&du, 
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where we ignored complex conjugates since they don't make any differences. As we did in 
Section [3l we decompose <j> into a sum of dyadic pieces. It is reduced to show 



V || / f T(6,e3,e4)/0fe)^(e3)/0(e4)|e 2 +e3r (n - 2) ^2^3^4|| Lli2 
iV 2 ,7V 3 ,7V 4 ■/fc~JVi,i=2,3,4 * «i 

< J2 II / F^^(6,6,e4)W0(6)w^3)^(C4)|6 + 6r (n " 2) ^e3^4|| L i 

,vr7r,vr ./£i~iVi.i=2,3,4 «43?4 ^ 



N 2 ,N 3 ,N A 
1 



< ^(*iCT))* 



where 

,m(6) - m(g 2 )m(£ 3 )m(£ 4 ) 

6) 



0"(6,6,6) = 16 771 — 77f\ — 77" 



We use Proposition 13.21 Note that the exponent numerology 3 • 3 g w 4 = 5 + 1 — § and 
that (3, 3 ^" 4 ) is admissible. Thus, once we show that 



3n-4; 

N 



r<K6,6,6)<l, (4.36) 



then we have 

|| / 7^^(6,6,6)w^(e 2 )W0(6)v^(e 2 )|6 + 6r {n " 2) rf6rf6rf6|| L i L 2 

< ^(Zi{T)f. 

The proof of (|4.36p is very similar to the proof of Proposition 13. 11 So, a sketch is enough. 
We assume iV 2 > N3 > N 4 by symmetry and consider the following cases. 
Case 1: N ^> N 2 . The symbol is identically zero. 

Case 2: N 2 > N > N 3 > N 4 . Since ^6 = 0, we have N x ~ N 2 . By the mean value 
theorem, we estimate 

1 ™(6) _ m(6) - ™(6 + 6 + 6) 



m(6)m(6V(6) m (f 



; 2 ; 



Thus, 



< |v^(6)-(6 + 6)l < 

m(6) ~AT 2 - 



Case 3: N 2 > N3 > N. In this case we need to consider two subcases N% ~ iV 2 and 
iV 2 > iVi due to £\ 6 = 0. 
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For the first case, Ni ~ N2, we estimate 



iViVi 



m(£i 



< 



N 



iV iV s 1 1 



< 1, 



where used xm(x) > 1 for a; > 1. 

In the second case, JV2 » iVi, again by J2i = 0, we have A^ ~ N3. 

m(Ci) NNi 



m(6 + 6 + $4) 




m(£2)m(£ 3 )ni(£4) 


iV 2 JV 3 JV 4 



< 



For our purpose we want to show 



If Ni < N, then m(£i) = 1 and 



iVim(6) 



JV \ 2s 1 



ViY 2 / JV ~ 



1 TV 



2.s 



iV 



iV 2s A^m^) 



If Ni > N, then 



— iVimfM— = — < 1. 

iv 2 / v ; a^ iv 2 s vjv 2 / ~ 



□ 



5. Proof of Main Theorem 

We combine the interaction Morawetz estimate and Propotion 4.1 with a scaling argument 
to prove the following statement giving a uniform bound in terms of the .£P-norm of the 
initial data. 

Proposition 5.1. Suppose (ft(x,t) is a global in time solution to from data 4>q £ 

C^°(M. n ). Then for a given large T we have 



U(T)\\hs < m *. T a(s ' n) (5-37) 
as long as 2 g^_^| < s < 1. The positive number a(s,n) depends on s and n. 



Remark 5.1. Since T is arbitrarily large, the a priori bound on the H s norm gives the 
global well-posedness in the range of 2 ^_^ < s < 1. 
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Proof. The equation (jl.ip is invariant over scaling of 
According to 



|V/^||i 2{Rn) < (iV^A-l^ollw))' 



we choose A as 



l-s 



A«iV— . (5.38) 

in order to normalize ||VI0o Hl 2 (r«) ~ ^ ne secon d term of the modified energy E(I(/)q) 

is treated as follows, 



\x\- 2 * |/^| 2 |/^| 2 || L i (R „) < |||x|- 2 * |TA6?llL™(R™)ll^>oll 2 ^n , 

A 1 1 2 



^ ll^o||^i (R n) by Sobolev embedding. 

Hence we have E{14$) < 1. The remaining proof is similar to the proof of Theorem 5.1 
in [7] with necessary modification on exponents. As we have already seen, Hartree type 

4 

nonlinearity behaves smoother than the polynomial type |</>|™</>. 
Let us pick a time To arbitrarily large, and let us define 

a \ n-2 

S : = {0 < t < A 2 T : ||/0 A || 2( „_ 1) < Kt^)} 

L t 71 L/" 2 ([0,i]xR") 

with K, N a constant to be chosen later. We claim that S is the whole interval [0,A 2 Tq]. 
Assuming not, there exists a time T G [0, A 2 To) so that 

n-2 n-2 

KT^=V < \\I<P X \\ 4^ 2 ( n-i) < 2KT^=V (5.39) 

L t n L x n ~ 2 ([0,T]xR n ) 

by continuity. 

We now split the interval [0, T] into consecutive subintervals k = 1, ■ • • , L so that 

4(n-l) 



im Z-l) »(n-l) <<* 
where (5 defined as in Lemma 3.1. Note that 



4(n-l) n-2 

(2K)—^T— 
L ~ 

o 

due to (|5.39p . From Proposition 3.1 we know that for any < s < 1 

supT(/<A A (t))<i?(/^) + LiV- 1 +. 

[0,T] 

Now we fix iV such that LN~ l+ < 1 holds for all t G [0, T]. Since T < A 2 To, this is achieved 
if provided 



4(n-l) n n-2 

(2iT)^r^(A 2 T ) — 



~ AT 1 ' 
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By substituting A = N » , the above is equal to 

4(n-l) 

-, 1-3 3(n-2) (2if) n !iz2 

iV 1 "- » ~ ^ T » . (5.40) 

Thus we choose A^ as above for arbitrary To as long as 2 ^Zp < s < 1. 
On the other hand we have that in Lemma 4.2, 

4(n-l) 4 , 4(n-2) 2n-6 

n-2 I T 

+ T n I Error dt. 



o 



We know that fj Error dt < N 1+ on each Jf.. Hence summing up all the Jfc's, we find 



' Jk 

cT 

Error dt < LJV -1+ < 1 



/ 

Jo 



by the choice of A, N as (|5.38p . (|5.40p . Thus with the trivial bound \\I(j)\\ ■ i < ||/^>||//i, we 

4("~1) n _ 2 

have ||J<^ || 4 ™ n _ 1} 2 (n-i) ~ ^ n • This estimate contradicts (I5.39P for a proper 

L t ~~ ™ ([0,T]xK n ) 
choice of -fT. 

Therefore, we conclude <S = [0, A 2 Tq] and Tq can be arbitrary large. In addition we also 



have that for s > 3n _ A 



2(n-2) 

\f\2r 



\\I N ^(X 2 T )\\ H i =0(1), 
from which we estimate 

\\</>(To)\\h- < H\\ L 2+\ s U x (\ 2 T )\\ tis 

<X s \\Icp x (X 2 T )\\ Hi ^X'^N 1 -' 

where a{s, n) = s{ t-%-l(n-2) ■ D 
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